This paper studies the pricing of European-style Asian options when the price dynamics of the underlying risky asset are assumed to follow a Markovmodulated geometric Brownian motion; that is, the appreciation rate and the volatility of the underlying risky asset depend on unobservable states of the economy described by a continuous-time hidden Markov process. We derive the exact, explicit and closed-form solutions for European-style Asian options in a two-state regime switching model.
Introduction
The pricing, hedging and risk management of contingent claims has become a popular topic because contingent claims are now widely used to transfer risk in financial markets. The pioneering work of Black and Scholes (1973) and Merton (1973) laid the foundations of the field and stimulated important research in option pricing theory. The Black-Scholes-Merton formula has been widely adopted by traders, analysts and investors. The contingent claims traded in the market not only include vanilla European options but also exotic options such as Asian options. Asian options are path-dependent options whose payoff depends on an average of the stock prices over a certain time period. Asian options are used for hedging purpose. Traders may be interested to hedge against the average price of a commodity over a period. The use of Asian options may avoid price manipulation near the end of the period. Most Asian options are European style because an Asian option with the American early exercise feature may be redeemed as early as the beginning of the averaging period and thus lose hedging purpose from averaging. Since no general closed-form solution for the price of the Asian option based on arithmetic averaging is known, a variety of methods have been developed to study this problem. Many papers studied Asian options including Kemna and Vorst (1990) , Turnbull and Wakeman (1991) , Ritchken et al. (1993) , Geman and Yor (1993) , Curran (1994) , Rogers and Shi (1995) , Zhang (1995) , Boyle et al. (1997) and Fu et al. (1999) .
Despite its popularity the Black-Scholes-Merton model fails in various ways, such as the fact that implied volatility is not constant. During the past few decades many extensions to the Black-Scholes-Merton model have been introduced in the literature to provide more realistic descriptions for asset price dynamics. In particular, many models have been introduced to explain the empirical behavior of the implied volatility smile and smirk. Such models include the stochastic volatility models, jumpdiffusion models, models driven by Lévy processes and regime switching models.
Maybe the simplest way to introduce additional randomness into the standard Black-Scholes-Merton model is to let the volatility and rate of return be functions of a finite state Markov chain. There has been considerable interest in applications of regime switching models driven by a Markov chain to various financial problems. Many papers in a regime switching framework include Elliott and van der Hoek In this paper, we study the pricing of European-style Asian options when the price dynamics of the underlying risky asset are assumed to follow a Markov-modulated geometric Brownian motion. The Markov-modulated model provides a more realistic way to describe and explain the market environment. It has been mentioned in Yao et al. (2003) that it is of practical importance to allow the market parameters to respond to the movements of the general market levels since the trend of general market levels is a key factor which governs the price movements of individual risky assets. We derive an analytical solution for Asian option by means of the homotopy analysis method (HAM). HAM was initially suggested by Ortega and Rheinboldt (1970) and has been successfully used to solve a number of heat transfer problems, see Liao (1997) , Liao and Zhu (1999) , and fluid-flow problems, see Liao and Zhu (1996) , Liao and Campo (2002) . Zhu (2006) This paper is organized as follows. Section 2 describes the asset price dynamics under the Markov-modulated geometric Brownian motion. Section 3 formulates the partial differential equation system for the price of a floating-strike Asian option. Section 4 derives an exact, closed-form solution for the floating-strike Asian option. Section 5 discusses a symmetry between fixed-strike and floating-strike Asian options. The final section contains a conclusion.
Asset Price Dynamics
Consider a complete probability space (Ω, F , P), where P is a real-world probability measure. Let T denote the time index set [0, T ] of the model. Write {W t } t∈T for a standard Brownian motion on (Ω, F , P). Suppose the states of an economy are modelled by a finite state continuous-time Markov chain {X t } t∈T on (Ω, F , P). Without loss of generality, we can identify the state space of {X t } t∈T with a finite set of unit vectors X := {e 1 , e 2 , . . . , e N }, where e i = (0, . . . , 1, . . . , 0) ∈ R N . We suppose that {X t } t∈T and {W t } t∈T are independent.
LetÃ be the generator [a ij ] i,j=1,2,...,N of the Markov chain. From Elliott et al. (1994) , we have the following semimartingale representation theorem for {X t } t∈T :
where {M t } t∈T is an R N -valued martingale increment process with respect to the filtration generated by {X t } t∈T .
We consider a financial model with two primary traded assets, namely a money market account B and a risky asset or stock S. Suppose the market is frictionless; the borrowing and lending interest rates are the same; the investors are price-takers.
The instantaneous market interest rate {r(t, X t )} t∈T of the bank account is given by:
where r := (r 1 , r 2 , . . . , r N ) with r i > 0 for each i = 1, 2, . . . , N and < ·, · > denotes the inner product in R N .
In this case, the dynamics of the price process {B t } t∈T for the bank account are described by:
Suppose the stock appreciation rate {µ t } t∈T and the volatility {σ t } t∈T of S depend on {X t } t∈T and are described by:
where µ := (µ 1 , µ 2 , . . . , µ N ), σ := (σ 1 , σ 2 , . . . , σ N ) with σ i > 0 for each i = 1, 2, . . . , N and < ·, · > denotes the inner product in R N .
We assume that the price dynamics of the underlying risky asset S are governed by the Markov-modulated geometric Brownian motion :
(2.5)
Asian option
We now turn to the pricing of an Asian option of floating strike type in a regime switching model. We consider continuously sampled arithmetic average. The average from continuous sampling is given by
The price of Asian options based on an arithmetic averaging is not known in closed form even in the Black-Scholes-Merton model.
We assume that Q is a risk-neutral measure and the price dynamics of the risky stock under Q are governed by
Now define a process
We consider a floating-strike Asian put option whose payoff at time T is
The price at times t prior to the expiration time T of this put is given by the riskneutral pricing formula
Write V = (V (t, s, a, e 1 ), ..., V (t, s, a, e N )). Applying the Feynman-Kac formula to the above equation, then V (t, s, a, x) satisfies the system of partial differential equations 5) and the boundary conditions
The price of an Asian option can be found by solving above system of partial differential equations (PDE) in two space dimensions. In the case of the Black-Scholes-Merton model, Ingersoll (1987) observed that the three-dimensional PDE for a floating strike Asian option can be reduced to a two-dimensional PDE. However, by using
St
At as the state variable, and hence a nontraded variable as the numéraire, martingale pricing techniques cannot be exploited. On the other hand, we will adopt S t as the numéraire and by the change of measure reduce the three-dimensional problem (3.4) to a two-dimensional problem (for instance see Peskir and Shiryaev (2006) ).
Write {F X t } t∈T and {F W t } t∈T for the P-augmentation of the natural filtrations generated by {X t } t∈T and {W t } t∈T , respectively. For each t ∈ T , we define G t as the σ-algebra F X t ∨ F W t . We introduce a second process
σ u du is a standard Brownian motion with respect to {G t } t∈T under Q * and using S t as the numéraire, the valuation problem (3.4) becomes
(3.10)
Here
is a standard Brownian motion with respect to {G t } t∈T under Q * . Then via the Feynman-Kac formula, the price of the Asian option V (t, y, x) satisfies the following system of PDEs: 12) and the boundary conditions
For each t ∈ T and i = 1, 2, ..., N, let V i = V (t, y, e i ) and V := (V 1 , V 2 , ..., V N ). We have that V satisfies the system of coupled PDEs 15) and the boundary conditions
for each i = 1, 2, ..., N.
A closed-form formula
In this section, we restrict ourselves to a special case with the number of regimes N being 2 in order to simplify our discussion. By means of the homotopy analysis method, we derive a closed-form solution for a floating strike Asian option under a regime switching model. To solve the system of PDEs effectively, we shall introduce the transformations z = − ln(y) and τ i = (T − t) σ 2 i 2 , i = 1, 2. Then the system of equations (3.15)-(3.17) becomes
The homotopy analysis method is adopted to solve V i , i = 1, 2 from equations (4.1) and (4.3). Now we introduce an embedding parameter p ∈ [0, 1] and construct unknown functionsV i (τ i , z, p), i = 1, 2 that satisfy the following differential systems:
Here L i , i = 1, 2 is a differential operator defined as
and A i , i = 1, 2 are functionals defined as
With p = 1, we have
Comparing with equations (4.1) and (4.3), it is obvious thatV i (τ i , z, 1), i = 1, 2 are equal to our searched solutions V i (τ i , z), i = 1, 2. Now we set p = 0, equations (4.5) and (4.6) become
ClearlyV i (τ i , z, 0), i = 1, 2 will be equal toV 0 i (τ i , z) as long as the initial guess satisfies the limiting condition lim z→∞V 0 i (τ i , z) = 0. The limiting condition is the only requirement forV 0 i (τ i , z). However if in addition L i [V 0 i (τ i , z)] = 0 will speed up a convergence rate of the solution series.
For the choice ofV 0 i (τ i , z) any continuous function satisfying the limiting condition can be used. We choose the corresponding European option value as the initial guess with two apparent merits given as in Zhu (2006): 1. the boundary condition as z → ∞ is automatically satisfied;
i (τ i , z)] will become 0; which we expect will foster a faster convergence of the series.
The closed-form solution of a European put option with a two-state regime switching is given in Zhu, et al. (2012) : for i = 1, 2, where
To find the values ofV i (τ i , z, 1), i = 1, 2, we can expand the functionsV i (τ i , z, p) as a Taylor's series expansion of p
To findV m 1 (τ 1 , z) andV m 2 (τ 2 , z) in equation (4.15), we put (4.15) into equations (4.5) and (4.6) respectively and obtain the following recursive relations: We introduce the following transformation:
We can rewrite equations (4.17) and (4.18) in the form of standard nonhomogeneous diffusion equations
The system of PDEs (4.20) and (4.21) has a well-known closed-form solution respectively (see Carslaw and Jaeger (1959) ):
where
and erfc(.) denotes the complementary error function.
A symmetry between fixed-strike and floatingstrike Asian options
There are many known symmetry results in financial option pricing. Henderson and Wojakowski (2002) derived an equivalence of European floating strike Asian calls (or put) and fixed strike Asian puts (or call) in the Black-Scholes-Merton model. Eberlein and Papapantoleon (2005) established a symmetry relationship between floating strike and fixed strike Asian options for assets driven by general Lévy processes using a change of numéraire and the characteristic triplet of the dual process.
We also have a symmetry between fixed-strike and floating-strike Asian options in the regime switching model. In the framework of the regime switching model, the symmetry results for Asian options with respect to G t are stated in the following proposition.
Proposition 5.1: Let C f (P f ) denote the floating-strike Asian call (put) option and C x (P x ) the fixed strike Asian call (put) option; based on arithmetic averaging, written at time t = 0 with expiration date T . Then the following symmetry results hold:
C f (S 0 , 1, r, 0, 0, T ) = P x (S 0 , S 0 , 0, r, 0, T ), (5.1) C x (K, S 0 , r, 0, 0, T ) = P f (S 0 , K S 0 , 0, r, 0, T ). (5.
2)
The proof of Proposition 5.1 is similar to the proof of Theorem 1 in Henderson and Wojakowski (2002) . Hence, we do not repeat it here.
Conclusion
We consider the pricing of a floating-strike Asian option in a two-state regime switching model. A closed-form analytical pricing formula for the floating strike Asian option is derived by the means of the homotopy analysis method.
